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Direct PPP-type calculations of self-consistent (SC) density matrices for excited states are 
described and the corresponding " thawn" molecular orbitals (MO) are discussed. Special atten-
tion is addressed to particular solutions arising in conjugated systems of a certain symmetry, and 
to their chemical implications. The U(2) and (7(3) algebras are applied, respectively, to the 4-
electron and 6-electron cases; a natural separation of excited states in different cases follows. A 
simple approach to the convergence problem for excited states is given. The complementar i ty 
relations, an alternative formulation of the pairing theorem valid for heteromolecules and non-
alternant systems, allow some fruitful experimental applications. Together with the extended 
pairing relations shown here, they may help to rationalize general trends. 

1. Introduction 

SCF methods confront substantial difFiculties 
when dealing rigorously with excited states [1 — 3], 
and much interesting work was done with the 
simpler methods ([4], p. 106). Methods involving 
different degrees of sophistication have been pro-
posed in order to overcome the problem that the 
excited state functions are usually not orthogonal to 
the ground state functions [5 — 7], 

Years ago. Hall studied the problem of direct 
determination of SC bond orders for even AH [8, 9], 
having not received then the due attention; his 
reference standard state [10] has pointed at a way 
which recently was rediscovered. In the last years 
considerable effort has been devoted to approaches 
that do not favour the ground state regarding the 
excited states. McWeeny [11] minimizes the average 
of the states associated with a given orbital confi-
guration, using this term in a wider sense than 
usual. He remembers that a single effective Hamil-
tonian, whose eigenvectors determine the corre-
sponding opt imum orbitals for both the closed and 
open shells, is not unique and its eigenvalues have 
no physical meaning, for any member of a three-
parameter family of Hamiltonians will possess the 
same egenvectors [12]. 

Indeed, the physical meaning of individual energy 
levels becomes obscured on exciting a molecule, as 
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soon as the "f rozen" scheme is loosened [13, 14], for 
they are functions of the specific state. On the other 
hand, Mehrotra and Hof fmann [15] have set forth 
an attractive way of recovering the primitive signifi-
cance of the Mulliken-Walsh diagrams. They pro-
pose an "average state" (resembling Hall's reference 
state) as a compromise between all the electronic 
states of a molecule taken "in a democratic fashion", 
their tempered orbital energies being quite appeal-
ing. 

McLachlan First pointed out a pairing property 
for 7: electronic states in alternant hydrocarbons 
(AH) within the PPP approximation [16]. Soon after 
Löwdin [17] indicated a paring theorem in the dif-
ferent orbitals for different spins (DODS) approxi-
mation. A formal theory of effective 7r-electron 
Hamiltonian was recently proposed [18]. The PPP 
theory has been reformulated by Koutecky [19], 
offering a well-defined model Hamiltonian and 
transcribing it into second quantized formalism; the 
McLachlan pairing theorem may be seen under this 
form [4]. 

It has been shown that the pairing theorem may 
be extended to non-orthogonal basis and is valid for 
any alternant and non-alternant conjugated systems. 
This, stated as the complementari ty relations [20], 
has further been extended to anions and cations 
[21]. 

In this report a PPP density matrix formulation 
for excited states is expounded, with emphasis on 
pairing relations between particular solutions aris-
ing in n systems of a certain symmetry. 
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2. SC Bond Orders and the Related M O s 

Hall proposed a method for calculating the SC P 
bond order matrix between atoms of different sets 
in even AH [8]. In the case of N electrons, this 
amounts to determining an N/2 matrix 77. Let us 
define /?/ as a diagonal matrix with half the occupa-
tion numbers n, of the lowest energy levels, and nh a 
diagonal matrix with half the occupation numbers 
of the associated highest energy levels [22], The 
whole discussion is restricted to the cases where 
«/+«/,= I (I. unit matrix), thus ruling out some of 
the states considered by Nesbet [23]. Hall restricts 
himself to the states where nt= 2 or 0, involving 
det 77 = 0. This is easily extended so as to include 
n, = 1, and to odd AH [22]. the basic equations are: 

F ' 77 = symmetric and 77 77' 77 = 77, (1) 

where F' is the adjoint of a suitable effective 
Hamiltonian including electron interaction. If 7/° is 
the Hamiltonian without interaction, the electronic 
n energy is known to be [24] 

En = Tr(F' 77) + Tr (77° 77), (2) 

Hall [9] represents 77 as a rotation matrix, which 
is not the most general representation for a unitary 
matrix, for it does not include inversion. For the 
states with all symmetric (antisymmetric) levels 
doubly occupied in butadiene, he writes two 
matrices which are not solutions of the problem [9]. 
It has been shown [25] that these states have partic-
ular solutions of the form 

Fhe P's being now N x N matrices, and the elements 
outside the diagonals being zero. 

These peculiar solutions are internally self-con-
sistent in the sense of Mehrotra and Hoffmann [15], 
who overlooked them. Together with Hall's refer-
ence state, they arise whenever a n system has a 
twofold symmetry axis not passing through any of 
the N 7r-electron centers. In the corresponding states, 
any molecule shall have unitary charges, regardless 
of the nature of its atoms. It is as if in these states 
the electrons activity differences cancelled out. 

The increasing difficulty in obtaining new simple 
but generally valid rules for conjugated systems has 
been remarked [26]. For systems where a twofold 
symmetry axis crosses two n centers, it may be 

easily shown [27] that the particular solutions do not 
lead to states of the neutral molecule, but of the 
corresponding double ions, having electronic n 
charges of 2(0) for the atoms on the axis, and 
unitary charges for the other atoms. 

Equations (1), when applied to butadiene, give 
the bond orders of Table 1, numbered according to 
the increasing total energy: au and bg correspond to 
the MO's 

1 a u = a{(p\ + <?4) + b {(pi + (pi), 

1 bg = b {(p\ - <pA) + a {(pi - (pi), 

2au = b{(p\ + (p4) - a{(p2 + (pi), 

2b g = a((p\ — (pi) — b((p2~ (pi). (4) 

Now, one may wonder which are the wave func-
tion coefficients reproducing these bond orders. 
They appear in Table 2, together with the increas-
ing order in the energy levels obtained in the PPP 
calculation [13]. 

The table makes clear the effect of "thawing", 
that is of performing self-consistency for each state. 
Parr and Mulliken [28] firstly raised the question of 
the validity of calculating excited states from 
"frozen" ground state MO's, in their classical treat-
ment of trans-butadiene. Calculations of states 3) 
and 5) with their method confirm the behaviour 
described in Table 2. whilst state 8) does not 
converge whatever the starting coefficients may be 
[13]. In thawing, the order of nodal planes usually 
does not coincide with the order of the orbital 
energies. In Table 2 it is seen that, as the energy 
levels change with occupation numbers, they may 
cross one another. But they may not cross as in state 
8), which infringes the non-crossing rule between 
levels of the same symmetry. This would explain the 

Table 1. Trans-butadiene bond orders from (1). 

State P12 P 23 P>4 

1) l a u ) 2 ( l b g ) 2 0.9771 0.2127 - 0 . 2 1 2 7 

2) l a u ) 2 ( l b g ) ' ( 2 a u ) ' 0.4680 0.6758 0.3241 

3) l a u ) 2 (2a u ) 2 0 1 1 

4) l a u ) ' ( l b g ) 2 ( 2 b g ) 1 0.4963 -0 .4396 - 0 . 5 6 0 4 

5) 1 b g ) 2 (2b g ) 2 0 - 1 - 1 

6 ) 1 a u ) ' (2a u ) 2 (2b g ) -0 .4457 0.2734 0.7266 

7) 1 bg) ' (2a u) ' (2bg)2 -0 .4930 -0 .5834 -0 .4166 

8) 2a u ) 2 (2b g ) 2 -0 .9239 -0 .3826 0.3826 
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Table 2. M O coefficients for trans-butadiene. 

State a b Increasing order of 
energy levels 

1) 0.4437 0.5506 1 a u , 1 b g , 2 a u , 2b g 

2) 0.4026 0.5813 1 a u , 1 bg , 2 a u , 2b g 

3) 0.3530 0.6127 1 a u , 2 a u , 1 b g , 2b g 

4) 0.4688 0.5293 1 b g , 1 a u , 2 b g , 2a u 

5) 0.5011 0.4989 1 b g , 1 a u , 2 b g , 2a u 

6) 0.3698 0.6027 1 a u , 2 a u , 1 b g , 2b g 

7) 0.4564 0.5401 1 bg , 1 a u , 2 b g , 2a u 

8) 0.3936 0.5875 2 a u , 2 b g , 1 a u , 1 bg 

lack of convergence of the Parr-Mulliken calculation 
for this state, and therefore indicates that at least 
the most excited states must be handled otherwise. 

3. Applications of the U(2) and U(3) 
Symmetric Matrices Algebra 

The equations which led to the particular solu-
tions suggest a way of treating conjugated systems 
with a twofold symmetry axis not passing through 
any of the N n centers. The secular equations split in 
two sets according to the basis functions, which are 
either symmetric (+) or antisymmetric ( - ) with 
respect to the symmetry axis. The problem may be 
set up in terms of two AV2-dimensional matrices 
/7+ and n~ [29], The separation of the basis set in 
two sets facilitates speculating about the eigenvalue 
stability (minimum, max imum or saddle point) [30]. 
Mestechkin [31, 32] has studied restricted Hartree-
Fock instability under a form closely related with 
this one. 

For excited states, a Hamiltonian is proposed 
which involves a compromise between the funda-
mental and excited states [29]: 

H f,V = HQ
fly -I- P fl y C/iV . (5) 

By introducing the matrices 

Q± = 2Fl± — I (6) 

two sets of equations equivalent to (1) are obtained: 

[J'+(C+ Q+) + ( C ~ Q~)]Q± = sym; 

[K'+(C~ Q+)+(C+ 0 - ) ] = sym ; 

( ß ^ - ß * . (7) 

(CQ) are not products of C and Q. but must be 
understood as (CQ)flv = C/lv Q/lv. We have 

J' = 2J+(C+l) + ( C ~ / ) ; 

K'= 2K+(C~ f ) +(C+P) ; (8) 

jnv — //;,.+ Hh.N+i-vi 
KßV = //°v—

 H(/\. N +1 - v; (9) 
Cjiv= Cftv ± Cn.N+\-v 5 ('0) 

and the Cftv are proportional to the Coulomb inte-
grals between atomic orbitals on atoms // and v. 

Now, the 4-electron and 6-electron cases may be 
calculated applying more general algebras in a dif-
ferent approach for the direct calculation of the SC 
P matrix. In the 4-electron case, both Q+ and Q~ 
(referred to as Q for shortness) may be written as 
sums of a scalar part and a vectorial part: 

Q = qQ+q-o, (11) 

where a designates the Pauli matrices. 
Similarly, for the 6-electron case 

Q = q0+q-F. (12) 

Any 3 x 3 real symmetric matrix can be expressed 
through the basic matrices of the £/(3) group, 
which are the unit matrix and the five F matrices 
[33, 34], 

Three cases follow [29, 33]: 
I. Three trivial solutions, <7, = 0, ± 1 

( ß = 0, ± I), corresponding to the two partic-
ular solutions and Hall's reference state. 

II. qo = 0,q2= 1. 
III. q0 * 0, q, 4= 0. 

Fhe coupling of Q+ and Q~~ (and accordingly of 
n + and n ~ ) in (7) is limited within the same case. 
We have found no modulo 4 type [35] relations, 
establishing some qualitative difference between 
U(2) and U(3). 

In the 4-electron case [29], systems of trans-
cendental equations are obtained, which may be 
solved by a generalization of the regula falsi [36]. 
The 6-electron case must be solved iteratively, and a 
further condition is introduced, in order to preserve 
the non-crossing rule [33], 

There are 3 v / 2 solutions obeying nt + nh = /* , that 
is the 9 states for N = 4 become 27 for N = 6. A two 

* Obviously, nt + nh = I is intended for AH, but we 
keep it for heteromolecules where the MO's follow with 
reasonable closeness the association scheme. 
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n electron system has thus as unique solutions the 
three particular ones, and the U(4) development (a 
bit cumbersome but feasible) yields 81 solutions. 
The ground state appears in case II for the £7(2) 
calculation, and in a sub-case III' of III in U(3). 
Diazoethane is used as an example in U{2) and 
pyridazine in U(3). 

4. Simplified Approach to the Convergence Problem 

The convergence problem for excited states is 
overcomed by inserting a single convergence param-
eter c for each state in the compromise Hamiltonian 
[30, 33]: 

H„V=H°V+ tPMVC„v. (13) 

The energy is calculated from 

Tr(7*77+) + T r ( 7 77+) + Tr (A* 77") + Tr(A^ 77"), 

(14) 
where 

J* — J + (C + 77+) + (C~ 77"); 

K* = K + ( C - 77+) + (C + 77") (15) 

and the due correction for the spurious repulsion of 
the half-electron approximation [37, 14, 30] is taken 
into account. As long as the excited states obey the 
aufbau principle, a convergence parameter is not 
needed. There is certainly trouble when the order of 
the occupation numbers is completely inverted, and 
difficulties are expected even for partial inversion 
[30] (see Figure 2). 

When the inversion is complete, changing c from 
1 to - 1 restores a situation where the variation 
method may be applied, the highest 77+ eigenvalue 
corresponding thus to the highest J * eigenvalue [34], 
This is as if we built these states with the au fbau 
principle occupying the energy levels "downwards" 
from the "top", instead of "upwards" from the 
"bottom". We have called it the anti-aufbau con-
struction: it is associated with the intrinsic diver-
gence problem faced in [38]. Taking a single con-
vergence parameter for each state involves a maxi-
mum simplicity criterion. All factors not taken 
explicity into account are ascribed to c, which 
physically may be thought as playing a role similar 
to the additional potential introduced in the Fock 
operator by Beebe [39] in order to modify the 
virtual orbitals. 

• Excited States Density Matrices and Pairing Relations 

When solving Hartree-Fock density matrix equa-
tions [40], iterations usually do not preserve the 
symmetry of the density matrix, although it is idem-
potent and normalized. Symmetry must be forced at 
each iteration: this in turn generally destroys the 
idempotency, which is recovered through the 
McWeeny purification process [40]. In a thorough 
Hartree-Fock density matrix treatment of localized 
electronic interactions in molecules and solids, the 
orbitals of the local subspace are demanded to 
factor into two distinct orthonormal sets, one com-
pletely occupied and the other completely unoc-
cupied [41], In general this requirement is imposible 
to fulfill. Again, one must give up either the idem-
potency or the localization of the density matrix. 
The present PPP calculation does not seem to 
encounter the mentioned drawbacks, maybe due to 
oversimplification. 

As a starting matrix P in (13) for the desired state 
we can use one built with the eigenfunctions (i.e. 
some virtual orbitals also) of another state. It is 
expected [30] that the solution may depend on the 
starting matrix, as uses to happen in more sophisti-
cated treatments [41]; being, or not. near the solution 
could not only accelerate convergence but decisive. 
Nevertheless, it is found [42] that given c, whatever 
the wavefunctions used to build the initial F, it 
converges to the same solution. 

5. Pairing Relations 

Michl [43] has called attention to compounds with 
heteroatoms at least approximately paired in the 
PPP sense, a concept that is best grasped with an 
example: "benzene with one heteroatom whose 
effective electronegativity deviates f rom that of 
carbon, and benzene with another heteroatom 
whose effective electronegativity deviates from that 
of carbon by the same amount in the opposite direc-
tion are paired if electron repulsion integrals satisfy 
certain conditions." He. together with other authors, 
has published a long series of papers where these 
ideas are applied to magnetic circular dichroism 
(MCD) of cyclic n systems. However, mirror images 
from the viewpoint of the complementari ty relation 
admit a broader inference than the one sought. The 
monocyclic azines offer an instance of these pairs of 
images, clearly revealed by their complementary TI 
charges [44]: pyridine-pentazine, pyridazine-v-tetra-

M. S. de Giambiagi et al. 
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zine, pyrimidine-as-tetrazine. pyrazine-s-tetrazine 
and the self-complementary s-triazine. 

The choice of parameters must be such as not to 
cause too large deviations from perfect pairing [45], 
so as to relate the HOMO's and LUMO's of a pair 
to those of the parent hydrocarbon [46], It should be 
stressed that two species only approximately paired 
have opposite sign M C D spectra [47], and this 
experimental result emphasizes the importance of 
pairing properties. It is also predicted that two such 
molecules should have opposite n magnetic aniso-
tropy, one being diamagnetic and the other para-
magnetic [48]. 

From the complementarity relation [20], provided 
tow complementary states (Fig. 1) are calculated 
with the same Hamiltonian, we have 

/><')+/><") = 2 7 . (16) 

If the Hamiltonian are different, let us say by a 
perturbation AH [42], 

//<•)= //<»> + a H , (17) 

it will be 
p( D+ p(U) 21 + £(AH), (18) 

where E must be a functional of AH. 
Other pairing relations involving the particular 

solutions may be found, deriving for example f rom 
the U(3) algebra application, for the 12 states where 
N+ 4= N~ (number of electrons respectively in sym-
metric and antisymmetriy levels) and singly oc-
cupied levels are allowed [33, 42] (Figure 2). The 
three particular solutions are the P± matrices f rom 
(3) and the reference state one P° = I. If these 12 
states are calculated with the same Hamiltonian, 
they may be paired off, satisfying either 

p(i) + />(ü) = p+ _(- p0 

or (19) 
p(i) -i- p(ü) = p~ 4. p0 

Again, if the Hamiltonian is not the same, we shall 
have 

/>(0+ />(») = p+ + p° + e(AH) 
or 

P(i) + P(ii) = p- + + £(j//) . (20) 

Equation (16) may also be written under the form 

/>d) + p(ID = p+ p-

Fig. 1. Two complementary states. 

-3bn 
-2bg 

-3ou 

-Ibg 
• 2 Q U 

-la,. 

-3bg -3au 
-2bg 

- Ibg 
-2au -la.. 

• 3bg 
-2bg 
-3au 
-Ibg 
-2au -la u 

-3au 
-3bg 
-2bg 

.2au 
-Ibg 
-I au 

-3au 
• 3bg 
-2au 
-2bg 
-lau 
-Ibg 

-3bg 

-2bg 
-3au 

-Ibg 
-2ou -1 au 

-3bg -2bg -3au 
-Ibg 
-2au -lau 

- 3au 
-3bg 
-2au 
-2bg 
-lau 
-Ibg 

-3bg 
-3ou 
-2bg 
- Ibg -2ou - Iau 

-3au 
-3bg 
-2bg 

-2au 
. I bg 
- Ia„ 

• 3bg 
• 2bg 
-3au 
• Ibg 
• 2au • lau 

• 3bg 
-2bg 
-3au 
. Ibg 
-2qu -1 au 

or else 
(21) 

Fig. 2. The 12 states obeying the pairing relations (19) in 
the U{3) development. 

which discloses the analogy between relations (16) 
and (19), and the self-complementarity of the refer-
ence state. 

Amos and Hall [49] have found that the single 
determinant wavefunction written under the D O D S 
assumption may be forced to be an eigenfunction of 
S 2 under certain conditions. They mention that this 
may occur if there are sufficient MO's of one spin 
and one irreducible representation to span com-
pletely the space of all functions of that symmetry; 
the molecular orbitals of the opposite spin and the 
same symmetry can then be expressed in terms of 
them. 

This is just the case of the 12 states which pair 
following (19). Let us ascribe to these states the 
maximum multiplicity and suppose that the a or-
bitals are those which span for example the three-
dimensional space of symmetrical orbitals. The one 
(two) electron of symmetrical orbitals may be trans-
formed so as to give one doubly occupied and two 
singly occupied (two doubly occupied and one 
singly occupied) symmetrical orbitals. The deter-
minant becomes thus an eigenfunction of S2, which 
in the mentioned example represents either a quin-
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t u p l e t o r a t r i p l e t . F o r t h i s c a s e , h e n c e , t h e a d a p t e d 
D O D S m e t h o d a n d t h e h a l f - e l e c t r o n m e t h o d a r e 
t w o p o s s i b l e a l t e r n a t i v e s t h a t r e d u c e t h e u n r e -
s t r i c t e d c a l c u l a t i o n t o a r e s t r i c t e d o n e . 

As h a s r e c e n t l y b e e n d e m o n s t r a t e d [50], t h e c o m -
p l e x M O ' s ( C M O ) in t h e n a t u r a l o r b i t a l ( N O ) re -
p r e s e n t a t i o n m a y b e b r o u g h t i n t o t h e p a i r i n g f o r m 
in w h i c h e a c h C M O h a s o n l y t w o N O c o m p o n e n t s . 
T h e s e N O a p p e a r in p a i r s w i t h c o m p l e m e n t a r y 
o c c u p a t i o n n u m b e r s , a c o n d i t i o n t a n t a m o u n t t o 
n, + nh = I. 
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It m a y b e c l a i m e d t h a t w e a r e t o o u n r e a l i s t i c in 
c o n t e m p l a t i n g s t a t e s p r o b a b l y n o t c o m p a r a b l e w i t h 
e x p e r i m e n t . N e v e r t h e l e s s , e v e n if s o m e s t a t e s h a v e 
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